We use a D5-brane with electric flux in AdS 5 × S 5 background to calculate the circular Wilson loop of anti-symmetric representation in N = 4 super Yang-Mills theory in 4 dimensions. The result agrees with the Gaussian matrix model calculation.
Introduction and summary
The expectation values of Wilson loops are some of the most important kind of observables in a gauge theory. In particular, Wilson loops are interesting operators in AdS/CFT correspondence since they are calculable in AdS side using strings [1, 2] .
In this paper, we are interested in the Wilson loop operators of the following kind in N = 4 Yang-Mills theory.
where ϕ 4 is a scalar field in N = 4 Yang-Mills theory, R is a representation of the gauge group U(N). This is a Lorentzian version of Wilson line, and we mainly consider the straight path C in Lorentzian case. When one perform Wick-rotation and some conformal transformation, a circular Wilson loop is obtained.
where C is a circle in Euclidean 4-dimensional space. The expectation value of this operator depends on the representation R.
In the leading order of the calculation by fundamental string in AdS spacetime, namely large N and large 't Hooft coupling λ limit, we can hardly see the detail of this trace structure R. In this limit, the expectation value is expressed as exp(k √ λ) where k is the number of boxes when R is expressed by a Young diagram. This is because it is hard to distinguish the winding and overwrapping of the strings; we can just see the string charge k.
One way to see this trace structure in AdS side is to use a D3-brane with electric flux whose induced metric is AdS 2 × S 2 [3] . This D3-brane corresponds to the Wilson loop operator tr[U k ], where U = P exp C ds(iA µẋ µ + ϕ 4 |ẋ|) and tr denotes the trace in the fundamental representation Tr . This operator can be expressed in terms of a certain combination of the representation with k boxes. The authors of [3] have calculated the on-shell action of AdS 2 × S 2 D3-brane with k unit of electric flux. They have shown that this on-shell action reproduce the VEV of the Wilson loop, which can be calculated by the Gaussian matrix model, in all order in k √ λ/N and leading order in 1/λ. This kind of D3-brane for the Wilson loop is an analogue of a giant graviton for the half BPS local operator. Especially, AdS 2 × S 2 D3-brane is an analogue of the giant graviton wrapped on a S 3 in the AdS 5 [4, 5] . There is also an analogue of the giant graviton wrapped on S 3 in the S 5 [6] for the Wilson line. This is a D5-brane wrapped on S 4 in the S 5 .
Figure 1:
In this paper, we consider this D5-brane. There is a BPS configuration of a single D5-brane with electric flux whose induced metric is AdS 2 × S 4 . We will show that this D5-brane preserves the same half of the supersymmetry as the AdS 2 × S 2 D3-brane. This fact indicate that this D5-brane corresponds to the Wilson loop operator of (1.2) with some trace structure R.
Actually, we claim that this AdS 2 × S 4 D5-brane corresponds to the Wilson loop of (1.2) with anti-symmetric tensor product of fundamental representation. We will explain in this section the reason for this identification from two point of view. One is the bubbling geometry [7] , which is a Wilson line version of LLM bubbling geometry [8] . The other is the D3-D5-F1 brane system.
First, let us explain from the bubbling geometry point of view. It is indicated in [7] that the supergravity background which corresponds to a Wilson line is expressed as a where A k is the rank k anti-symmetric representation. This is because of the following reason. When one insert this operator, k eigenvalues out of N feel a unit constant external force. This force moves these k eigenvalues to the right. Then there appears a gap next to the k-th biggest eigenvalue as shown in figure 2 . This gap look like a hole.
Next let us explain from the original D3-D5-F1 system point of view. We are consider- force to the first k eigenvalues, these eigenvalues move a little to the right and there appears a "hole" next to the k-th eigenvalue. This means adding D5-brane to D3-F1 system do not break father supersymmetry.
The fundamental string between D3 and D5 in this system behave as a fermion because of the following reason 1 . Let us consider this string in NSR formalism. Since the worldsheet theory has 8 Dirichlet-Neumann directions, the vacuum energy in the NS sector is greater than 0. Therefore the zero energy states are in R sector. We only have two fermion zero modes ψ 0 0 , ψ 9 0 . The representation of these zero modes is two dimensional. The GSO projection leaves only one zero energy state. As a result, the only label is the Chern-Paton factor at the end of D3-brane side. This ground states is in R sector, so it behaves as a fermion, so the Chern-Paton indices are anti-symmetrized. As a result, this stack of k strings looks like a particle in anti-symmetric representation of the gauge group U(N) in the D3-branes.
In this configuration, we can express the N D3-branes by the supergravity solution.
The D5-brane and the fundamental strings are expressed by the spike solution of the D5-brane worldvolume theory [12, 13] . In the near horizon limit of the D3-branes, this D5-brane solution has induced metric of AdS 2 × S 4 .
Let us summarize the result of this paper here. As already mentioned, it is shown that the AdS 2 × S 4 D5-brane preserves the same half of the supersymmetry as the AdS 2 × S 2 D3-branes. We also calculate the on-shell action of this D5-brane with careful treatment of the boundary terms. The result is
where θ k is related to k by
We compare this result to the matrix model calculation in a semi-classical approximation.
They turn out to be completely the same in this level of approximation.
The construction of this paper is as follows. In section 2, we check the supersymmetry of AdS 2 × S 4 D5-brane. In section 3, we treat circular Wilson loop and compare the D5-brane calculation and matrix model calculation in our paper.
Note: While we were finishing this paper, we found a interesting paper [14] appeared in arXiv. The authors of [14] use a D5-brane to calculate the Polyakov loop in thermal theory. Among their result, the "constant solution" seem to be essentially the same as the D5-brane solution of ours. In our paper, we identify this D5-brane solution as the Wilson loop of anti-symmetric representation. We compare this D5-brane calculation and the matrix model calculation.
Supersymmetry of AdS D-branes
In this section, we study the supersymmetry of AdS 2 × S 4 D5-brane. We show that this D5-brane preserves just the same half of the supersymmetry as an AdS 2 × S 2 D3-brane.
In this section, we work in Lorentzian signature.
Supersymmetry of AdS 5 × S 5 spacetime
It is convenient to express the AdS 5 × S 5 background as the fibration of 2-dimensional space with AdS 2 × S 2 × S 4 fiber [7] .
where dΩ 2 2 , dΩ 2 2 , dΩ 2 4 are the metric of unit AdS 2 , S 2 , S 4 respectively. The vielbein of the metric (2.1) are denoted by E M , M = 0, 1, . . . , 9 and the vielbein of unit AdS 2 by e 0 , e 1 , unit S 2 by e 4 , e 5 , and unit S 4 by e 6 , . . . , e 9 . With this notation, the vielbein of the fiber part of the metric (2.1) are expressed as E 0 = L cosh ue 0 , E 1 = L cosh ue 1 , and E 4 = L sinh ue 4 , E 5 = L sinh ue 5 , and E 6 = L sin θe 6 , . . . , E 9 = L sin θe 9 . The vielbein of the base space part are expressed as E 2 = Ldu, E 3 = Ldθ. In these equations L is the radius of AdS 5 and S 5 . It is expressed as L = (α ′2 4πg s N) 1/4 . Here g s is the string coupling constant, and N is the number of D3-branes. The potential C 4 for five form, which satisfies dC 4 = G 5 , can be written as
sin 4θ e 6 e 7 e 8 e 9 .
(2.4)
In order to investigate the supersymmetry preserved by D-branes, we need the explicit form of the Killing spinor in this spacetime. We can expand the 10-dimensional IIB type
The detail of this expansion in written in appendix A. With these notations, the supersymmetry condition can be written as
8)
These equations can be solved by the usual manner. First, (2.8) determines the coordinate dependence of ǫ.
where ζ is a constant spinor. Next, eqs.(2.5)-(2.7) imply some projection conditions on ζ.
These conditions are written as
We should also assign the ten dimensional Weyl condition to this spinor. That condition can be expressed in our ǫ like 
Supersymmetry of AdS 2 × S 2 D3-branes
Let us first consider here the supersymmetry preserved by a AdS 2 × S 2 D3-brane of [3] in order to compare it to the one preserved by a D5-brane. In general, the supersymmetry preserved by branes can be examined by the kappa symmetry projection 0 = (1+Γ)ξ as in [15, 16, 17, 18, 19, 20, 21] . The matrix Γ is determined by the kind and the configuration of the brane. For example, the kappa symmetry projection for D-branes in IIB theory can be expressed as
where ξ i are the coordinates of the worldvolume, X m are the spacetime coordinates, and E a m are the components of the vielbein defined by E a = E a m dX m . We also use in this expression the 2-form on the worldvolume F = B + 2πα ′ F , where B is the pullback of the NSNS 2-form and F is the field strength of the worldvolume gauge field.
Let us begin with AdS 2 × S 2 D3-brane. This D3-brane extends to the AdS 2 × S 2 fiber direction. In order to preserve the SO(5) symmetry, this D-brane sits on a point in the base space where the S 4 shrinks, i.e. θ = 0 or θ = π. We also have the electric field on the worldvolume which is proportional to the volume form of the AdS 2 . The world volume coordinates are denoted by ξ 0 , ξ 1 , ξ 4 , ξ 5 and the spacetime coordinate by X 0 , X 1 , X 4 , X 5 .
X 0 and X 1 parametrize the AdS 2 and X 4 , X 5 parametrize S 2 . We also assume the metric is diagonal for simplicity. The configuration of D3-brane we consider here is
The gauge field can be written as
where α is a real constant. Here in this paper, we take the vielbein E a m diagonal for simplicity 2 . In this configuration of D3-brane, the kappa symmetry projection (2.12)
This operator acts on the ordinary IIB spinor. The corresponding operator acting on the ǫ spinor can be expressed as
It is actually possible for the metric of eq.(2.1)
For the D3-brane at θ = 0, the condition becomes 0 = (1 + Γ(D3))ǫ with ǫ = exp[(1/2)µ 3 ν 3 τ 2 u k ]ζ because of eq.(2.9). This condition leads to the following conditions for u k , α and ζ.
α > 0 and α < 0 are two direction of electric field. They preserves opposite supersymmetry. Note that the projection condition 0 = [1 ± µ 3 τ 3 ]ǫ is compatible to the conditions (2.10),(2.11).
On the other hand, D3-brane at θ = π preserves the following supersymmetry. The condition can be written as 0 = (1 + Γ(D3))ǫ with ǫ = exp[(1/2)µ 3 ν 3 τ 2 u k ](−iλ 3 τ 2 )ζ. This condition read the following conditions for u k and ζ.
Note that the relation between the sign of α and the projection is opposite to the case of θ = 0.
Supersymmetry of AdS 2 × S 4 D5-brane
Let us turn to the AdS 2 × S 4 D5-brane. In order to preserve the SO(3) symmetry, this D5-brane should sit on a point u = 0 in the base space. We also have the gauge field excitation in the AdS 2 part. The worldvolume coordinates are denoted by ξ 0 , ξ 1 , ξ 6 , . . . , ξ 9 .
The S 4 part of the spacetime coordinates are denoted by X 6 , . . . , X 9 . We consider the configuration of D5-brane expressed as 3
We obtain the kappa-symmetry projection for this D5-brane by inserting this configuration to (2.12) . It can be written as
The operator that acts on ǫ spinor can be expressed as
The condition 0 = (1 + Γ(D5))ǫ with ǫ = exp − i 2 λ 3 τ 2 θ k ζ reads the conditions on θ k , β and ζ. It can be written as
As a result, the following three kind of D-branes preserves the same half of the super-
• AdS 2 × S 2 D3-brane at θ = 0 with α > 0.
• AdS 2 × S 2 D3-brane at θ = π with α < 0.
• AdS 2 × S 4 D5-brane.
String charges of AdS D-branes
We expect that the The bosonic part of the action of the D5-brane in this geometry can be written as
24)
where T 5 = 1/((2π) 5 α ′3 g s ) is the tension of D5-brane. If we insert the configuration obtained in the previous subsection, the action become where we take the vielbein E a m diagonal. Taking the definition of beta F 01 = βE 0 0 E 1 1 into account, we can calculate the variation δS 5 /δF 01 . Then we insert the supersymmetry condition cos θ k = β into the result and we obtain the fundamental string charge of this 
Wick rotation of the solution
In order to consider the circular Wilson loops, we should perform Wick-rotation of the geometry. The metric of Euclidean version of AdS 5 can be written as
The S 5 part is the same as before. The RR 4-form is also Wick-rotated in the usual manner. The relevant part (S 5 part) of RR 4-form is the same as eq.(2.4).
We need to consider the action of the D5-brane. The bulk part of the Euclidean D5-brane action is written as
We use the notation S bulk because we will add certain boundary terms later. We can obtain the solution by Wick-rotation from the solution of the previous section. However since we need the conjugate momentums to calculate the boundary terms of the action, let us begin with the ansatz.
The ansatz used here is as follows. We identify one of spacetime coordinate ϕ as one of the world volume coordinate. The other worldvolume coordinate is denoted by ρ and we assume y and r are functions of ρ. As in the previous section, we assume D5-brane is wrapped on a S 4 with θ = θ k (constant). With this ansatz, the action can be written as
(3.4)
Here prime sign " ′ " denotes the ρ derivative.
The conjugate momentum to y becomes 5
On the other hand, the conjugate momentum to A ϕ can be written as
(3.6) Now let us turn to the solution. The solution can be written as
What we want to do is to insert this solution to the action and obtain on-shell action.
When we insert this solution in to S bulk , the integral is divergent near ρ = 0. In order to treat this quantity, we introduce a cut off ρ 0 . Then the on-shell value of S bulk inserted this solution becomes
In order to treat the effect of the boundary correctly, we should introduce the boundary terms. Here we follow the procedure of [3, 23] . We should solve the equation of motion with the boundary condition δp y = 0, δp A = 0 instead of δy = 0, δA=0. To realize this boundary condition from the variation of the action, we should add the following boundary terms to the action.
(3.10)
If one sums up these three contributions, the divergence cancels and in the limit ρ 0 → 0 the total action becomes Let us here do some simple check. The string charge k is related to θ k as eq. (2.26).
When k is much smaller than N, the angle θ k becomes small. In this case, k is related to
If we insert this expression to eq.(3.11) and take θ k ≪ 1 into account, we obtain
This is the expected one from k overwrapping fundamental strings. Actually our result includes the corrections of k/N. The first few terms look like
Interestingly, these corrections includes the fractional power of k/N.
Another check is related to the complex conjugation. The rank k anti-symmetric representation of SU(N) and the rank (N − k) anti-symmetric representation are related by complex conjugation. We expect that the VEV of these Wilson loops are the same.
Actually the parameter θ k and θ (N −k) are related as θ (N −k) = π − θ k because of eq.(2.26).
Therefore S tot in (3.11) for k and (N − k) are the same.
Gaussian matrix model calculation
It is conjectured that the vacuum expectation value of the circular Wilson loop in N = 4 U(N) Yang-Mills theory can be calculated by the Gaussian matrix model [9, 10] . In this subsection, we calculate the expectation value of the Wilson loop of anti-symmetric representation by the Gaussian matrix model in semi-classical approximation.
Let us consider the one matrix model with Gaussian potential. The expectation value of a gauge invariant function f (M) of N × N hermitian matrix M is defined as 
dm j exp(−S e (m)), (3.18 ) 19) where C N is a constant which comes from the Jacobian. Let us consider the saddle point of this theory. The "equation of motion" for m i becomes
It is convenient to introduce the resolvent ω(z) := tr 1 M −z = N j=1 1 m j −z . At the saddle point, we can derive the following differential equation for this resolvent from the equations of motion.
(3.21)
In the large N limit, the last term ω ′ (z) can be negligible. In this case, the above differential equation becomes a algebraic equation and is easily solved as
The density of eigenvalues is expressed as 
dm j exp(m 1 + · · · + m k ) exp(−S e (m)).
(3.27) 6 Note that in [3] the Wilson loop is multiple winded fundamental one and the operator evaluated in matrix model is the operator tr[e kM ] . This operator becomes N j=1 e kmj when M is diagonalized. So the operator in the integrand of the eigenvalue integral is e km1 . This is the crucial difference between the matrix model calculation of [3] and ours in this paper. The first sum vanishes because of the equation of motion. As for the second term, the differential can be written as S(k + 1, m) − S(k, m) = −m k . We can also replace m We also define a set of matrices ρ j , (j = 1, 2, 3) as ρ 1 = µ 3 τ 3 , ρ 2 = ν 3 τ 1 , ρ 3 = µ 3 ν 3 τ 2 .
(A.8)
These three matrices ρ j satisfy the algebra of the Pauli matrices.
